This paper presents the development of a computational code based on Discrete Element Method (DEM) to simulate the process of solid particles sedimentation and fluid filtration in drilling operations. For both phenomena, the adequate knowledge of the properties and characteristics of the underlying particulate systems represents an aspect of fundamental importance for the safe and efficient design of new drilling fluids and equipment. In this context, this paper presents a particle-scale simulation study, based on DEM, to describe the mechanics of cake formation and growth during the deposition of particulates. Three dimensional (3D) simulations of both processes were carried out to evaluate the proposed algorithm. The cake and the sediment properties, such as thickness, porosity and permeability were quantified and compared, qualitatively and quantitatively, to literature data. The cake properties obtained in this work showed good agreement with data found in similar conditions.
INTRODUCTION
Considering the set of unit operations used for solid-liquid separation, sedimentation and filtration techniques stand out as critical processing steps for a broad spectrum of industry activities, including sectors ranging from chemical and petrochemical segments to fine chemical industries, such as biotechnology and pharmaceutical (Coulson & Richardson, 1991).
In the case of sedimentation, the basic principle of operation is to use the gravitational field as the driving force to make the suspended solids, typically heavier than the fluid, move toward the bottom of the equipment, promoting the separation and forming a bed of particles known as cake (Perry et al., 1999) .
Similarly, the filtration is also an essentially mechanical process, where the separation of the solids present in the liquid occurs through the passage of the suspension by a porous medium or filtering medium. Since filtration is capable of delivering high separation factors, producing clear filtrate and cakes with high solid contents, this operation is commonly used in activities that deal with large volumes of suspension, such as water purification or mining treatment, as well as in industrial applications that use relatively small amounts of suspension, such as the fine chemical industry (Svarovsky, 2000).
For both solid-liquid separation processes, the appropriate knowledge of the physical-chemical properties of the particulate systems, as well as their influence on the growth dynamics and the final structure of the cakes, is essential for the safe and efficient design of new equipment and processes (Ni et al., 2006).
Several methodologies have been developed over the past twenty years to describe and analyze the deposition of particulate solids in liquids, resulting in a vast collection of sedimentation and filtration models available in the literature. One of these models uses particle-scale numerical simulation by means of the DEM (Dong et al., 2006; 2009; Zhu et al., 2007; 2008) . In this technique, the particles are described individually, according to a Lagrangian approach, and Newton's equations of motion are used to track the trajectory of each particle over time. The result is high-level information about the microdynamic behavior of the solid phase, which is useful for the better understanding of the sedimentation processes. Such kind of information would not be obtained through the classic phenomenological modeling based on continuum theory or from conventional experimental techniques (Dong et al., 2006; Zhu et al., 2007) .
Although DEM has been originally created to deal with particulate systems in the absence of fluids, it has been successfully used by several researchers to reproduce and analyze multiphase processes, extending the discrete approach to solid-gas and solid-liquid flows, as discussed by The main goal of this work is to perform numerical simulations using a DEM-based computational model to simulate the deposition of solids, taking into account the physical-chemical properties of the particulate systems, as well as their influence on growth dynamics and on the final structure of the cakes.
To accomplish this work, three dimensional (3D) simulations of the sedimentation and filtration processes were carried out to evaluate the proposed algorithm and its ability to virtually emulate the behavior of such processes. Cake properties, such as thickness, porosity and permeability were quantified and compared to literature data.
MATERIALS AND METHODS

Mathematical model
The proposed model based on DEM was used to describe the granular systems by means of a finite set of discrete elements of regular shape, which can be spherical or polygonal. In this approach, granular particles are allowed to interact with each other, with their neighbors (solid walls of an equipment, for example), and/or with the fluid present in a suspension, by changing energy and momentum. Considering such microscopic processes, the solid particles can exhibit two basic movements, translation and rotation, which should be determined by the resulting forces and torques that act on each particle ( 
Governing equations
Based on these considerations, the equations for the Newton's second law of motion can be used to describe the dynamic behavior of the particulate material. Considering a particle i, belonging to a generic system with N discrete elements, its translation and rotation are described by equations (1) and (2), respectively (Pöschel & Schwager, 2005) .
(1)
( 2) where r i and φ i are the vectors of position of the center of mass and angular orientation of the particle i, respectively, and F i and T i represent the resultant forces and torques acting on the particle. Mass, m i , and the moment of inertia, I i , of a perfect spherical particle with density ρ i can be easily obtained through the following relations: Yang et al., 2000) .
If the spatial coordinates and the initial velocities of the particles are known, as well as the appropriate expressions for the evaluation of the resultant forces and torques, equations (1) and (2) can be readily solved by means of an appropriate numerical integration method. As a result, the model provides instantaneous velocities, trajectories, and transient forces acting on the particles step by step in time. This kind of microdynamic information can be directly used in obtaining important parameters for the analysis and quantification of a given physical phenomenon. In the case of filtration, for example, such parameters would be thickness, porosity, and permeability of the cake (Pöschel & Schwager, 2005) .
Different types of interaction forces can be present in the processes of sedimentation and filtration of solid particles, including the gravitational force, the mechanical contact forces, the long-range repulsive and/or cohesive forces (i.e. electrical and van der Waals), and the particlefluid forces. Thus, the resultant force on a given element should be calculated as the vector sum of all contributions, as shown in equation (3) ( 3) where F ij c is the contact force acting on particle i by particle j; F ij nc is the non-contact force acting on particle i by particle j; F i f is the particle-fluid interaction force acting on particle i, and g is the gravitational acceleration.
Similarly, the resulting torque on particle i can be determined by means of the vector sum of all interaction torques with the other elements of the system with which this particle comes into contact. In this case, the most common contributions include the torque generated by the action of tangential forces and the torque due to rolling friction, according to equation (4) (Yang et al., 2000) .
where T ij t is the tangential torque acting on particle i by particle j and T ij r is the rolling friction torque acting on particle i by particle j.
The models used in this work to calculate the forces and torques mentioned above are summarized in the next topic.
Modeling of the forces acting on particles
When two particles of the system collide with each other, their mutual compression or deformation gives rise to the action of mechanical forces in the normal and tangential directions to the contact surface, as shown in Figure 1 .
Several models relating these forces with the magnitude of the deformation are available in the literature to represent particle-particle contacts. However, choosing the most appropriate model is still a topic of intense discussions and controversies, since the proper incorporation of the interaction forces is of fundamental importance to the reproduction of the features of a realistic particle bed, as described by Table 1 .
Since the discrete element method allows the tangential forces to act at the contact point between two particles, instead of their centers of mass, an interaction torque will also be produced whenever a Mindlin-based force model is incorporated into the simulation. This kind of torque can be directly evaluated using equation (7), as the cross product between the radial vector, R i , and the tangential force, F c,t ij , as described in 
The rolling friction torque, which includes the effect of asymmetric distributions of normal stress on the particle surfaces, can be adequately modeled according to equation (8) 
When finer particulates are present in the simulated system, in addition to these interactions of mechanical contact, some long-range forces acquire a significant role in the dynamics of the deposition process (Zhu et al., 2007) . Some prominent examples are the van der Waals force, the electrostatic Coulombic force, and the Brownian forces.
Since, in this work, only particles with diameter up to 1 μm will be considered, the latter two longrange forces can be reasonably neglected, as discussed on To incorporate the cohesive effect of the van der Waals interaction in the simulations, the discrete element method makes use of the Hamaker theory (1937), which considers, in general terms, that the interactions between individual atoms (or molecules) are additive, so that the resulting van der Waals interactions between macroscopic bodies can be obtained by integrating over all pairs of atoms (Hamaker, 1937; Zhu et al., 2007) .
The cohesive force model used in this work is the same described by Israelachvili (1991) and 
The parameter A, known as Hamaker constant, is not easy to quantify since it depends on several factors related to the physical and chemical properties of the particles. In numerical modeling using the DEM, this property is often treated as a lumped parameter to be determined empirically (Dong et al., 2006; Yang et al., 2000) .
As can be observed from equation (9), as the distance of separation between two particles, h, tends to zero, the cohesive force tends to infinity, introducing a problem of singularity in the model. In this work, the problem was solved by specifying a distance threshold, h min , to avoid the occurrence of an excessive attractive force without physical meaning in simulations. According to the literature, typical values for this parameter range from 0. In separation processes, particulate solids also interact with the fluid, giving rise to numerous particle-fluid forces, especially when the fluid is a liquid instead of a gas (Zhu et al., 2007) . Thus, in order to obtain more realistic and accurate results, it is necessary that such forces are adequately incorporated into simulations. In this work, three particle-fluid force models adopted in previous works of Dong et al. (2006) were also used: buoyancy, lift, and drag force models (equations 10 through 12).
(10)
where the parameters of the drag force model are compiled in Table 2 . In particulate systems, unlike the case of an isolated particle, the presence of a great number of particles decreases the available space for the fluid, giving rise to a sharpened velocity profile and to a higher shear stress on the surface of the particle. The proposed drag force model incorporates this effect through the local porosity, ϕ i , and the coefficient, η, associated with both the properties of the liquid and the flow conditions 
Contact detection
Once defined the appropriate force models, the calculation of the sum of forces and torques acting on each particle should be performed, in accordance to equations (3) The simplest way to accomplish this task is through a binary-check algorithm where, at each time step, the possibility of collision between all pairs of particles is checked. However, for shortrange interparticle interactions, such as collision forces, most of these checks are unnecessary, since the simulated particles often are too far apart from each other ( Since this algorithm can be highly demanding on memory used (RAM), it is more suitable for simulating systems with large amounts of particles. However, the NBS algorithm demands a CPU time proportional to the total number of discrete elements and is relatively easy to program (Munjiza & Andrews, 1998).
Numerical integration method
As pointed out in section 2.1, to solve the system of differential equations of motion, it is necessary to use an appropriate numerical integration method. Considering the dynamics of the granular systems, explicit integration methods are often used, since they do not require excessive evaluations of the interaction forces at each time step. The goal is to make the numerical code more efficient in terms of computational cost, since the contact detection step is the biggest performance bottleneck of the discrete element method Due to its robustness and tradeoff between good accuracy and low computational cost in problems involving discrete elements, the numerical integration approach used in this work was the fifth-order Gear's prediction-correction algorithm The particles interactions with the boundaries were modeled by building up rigid and stationary walls, with the same set of physical properties of In order to start the numeric solution by using Gear's method, a set of initial conditions must be specified, i.e., the spacial coordinates and angular orientations of the particles, as well as their respective temporal derivatives of higher order, r i (n) and φ i (n)
, for n = 0, 1, 2, …, at time t 0 (Pöschel & Schwager, 2005). In this work, the initial conditions were randomly generated, as described in section 3. Figure 3 shows the flowchart of the DEM algorithm implemented in this work, where the computational code was used to reproduce experimental results related in literature, as well as to simulate and analyze the dynamic processes of cake formation and growth in sedimentation and filtration operations.
Code description
The first step is to define the geometry of the system, including the coordinates of the particles and their time derivatives, as well as the boundary conditions that limit the simulated area. In addition, the values of the properties of the solid and the fluid, which will be used for the evaluation of the force models presented previously, should also be provided. As a result, the program runs dynamically, reproducing the loop of integration represented in Figure 3 for a predefined number of time steps.
At the beginning of each cycle, the spatial coordinates and time derivatives of the particles are calculated at time t+Δt by using the Taylor series expansion of the actual values at time t, corresponding to the so-called prediction step of the Gear method. Based on these values, the contact detection algorithm is called to identify the pairs of colliding particles, and a list of these particles is stored.
Once the resultant forces and torques acting on the particles are computed based on the contact list, the second stage of the Gear's method (correction) is called to correct the spatial coordinates and time derivatives obtained in the prediction stage. The data stored during the simulation loops are used to obtain useful information for process engineering analysis, such as cake thickness, porosity, and permeability.
The execution of the program continues following the loop, i.e., updating positions and velocities of the particles, until a previously established final time is reached.
Simulation parameters
The particulate system used to represent the sedimentation and filtration processes was modeled through a finite set of discrete spherical particles. Their positions and velocities were randomly generated, without initial mechanical contact, within a rectangular shaped control volume with dimensions 2.5 cm x 2.5 cm x 10 cm, for the sedimentation and static filtration cases, and with dimensions 10 cm x 2.5 cm x 2.5 cm for the cross-flow filtration case. During the simulation process, the particles interacted with each other and with the surrounding fluid according to the governing laws described in equations (5) through (12), exchanging energy and momentum. The particles were allowed to settle down under the action of gravity and particle-fluid forces until they reached a mechanically stable position, that is, with average velocity close to zero. The basic parameters and physical properties used in the simulations (Table 3) To calculate the drag and lift forces, local porosity around the solid particle, ϕ i , was obtained by dividing the control volume in horizontal cells, each of them with a height equivalent to 0.25 cm. The porosities of these slices were calculated on the basis of the volume of the particles inside each of them. The magnitudes of the time steps used in the simulations, determined by trial and error procedure, varied from 1.0x10 -5 s and 1.0x10 -6 s.
RESULTS AND DISCUSSIONS
The results for the simulations of sedimentation and filtration processes of a spherical particles system (physical properties are listed in Table 3 ) are presented in sequence.
In both processes, the cake thickness (height attained by the particle bed) was dynamically calculated as the difference between the higher and lower heights where horizontal planes can intercept mechanically stable particles. In addition, the cake porosity, a parameter commonly used to describe the structure of porous beds, was also quantified as a function of time during the deposition process. In order to avoid top and bottom effects on the results, the calculation of this property was performed based on a central slice of the cake, instead of its total volume, as was suggested by Abreu et al. (2003) . The equations (13) and (14) were used to calculate the cake porosity.
(13) (14) where z max and z min represent the height limits of the control volume used for determination of the cake porosity, A S represents the cross-sectional area and Vi the volume occupied by the particle i.
Simulation of the sedimentation processes
In this case study, the liquid velocity was set to zero, since the movement of the liquid phase is very slow if compared to the motion of the settling particles. On the other hand, the displacement of the solid particles was considered to be threedimensional. Figure 4 exhibits the results of the simulation of the temporal evolution of a 3D sedimentation process for 1000 monodispersed spherical particles with diameter 250 µm.
It can be seen from Figure 4 that after 1 s every particle has already settled, reaching a mechanically stable position. This conclusion is corroborated through the temporal profiles of the cake thickness and porosity, presented in Figures 5 and 6, respectively.
As can be seen from Figure 5 , the cake thickness presents a linear growth of approximately between 0s and 0.4s, which is qualitatively in good agreement with the current knowledge about sedimentations, as well as to the numerical results The results presented in the figures above show that the increase of liquid density tends to increase both sedimentation time and cake porosity. This effect is directly associated to the presence of enhanced upward fluid-particle forces acting in a denser fluid, which are capable of counteracting (Dong et al., 2006) Error (%) A graphical visualization of these results is displayed in Figure 9 , where it is possible to notice that both models exhibit the same tendency, since as the liquid density increases the packing fraction decreases. This tendency becomes more evident in simulations where the difference between the liquid and solid densities is small. Besides, this behavior clearly agrees with the theoretical knowledge on sedimentation processes, since the increase of the liquid density changes the force balance that governs the particles movement in order to neutralize the gravitational force, favoring the formation of cakes with higher porosity (Dong  et al., 2006; Dong et al., 2009; Svarovsky, 2000) .
It is also possible to notice that the model proposed in this work tends to underestimate all the packing fraction values, predicting the formation of less compact cakes in comparison with the results from Dong et al. (2006) . Some issues involved with the implementation of the proposed code could be associated with this behavior, but it is possible to say that two of the most important are the differences between the systems sizes and types of boundary conditions used. Dong et al. (2006) simulated a system with approximately three times the number of particles used here. They applied periodical boundary conditions along the two horizontal directions to avoid lateral wall effects, thus, enabling the formation of a more homogeneous packing.
Figures 10 to 13 also show cake thickness and porosity as a function of time for two different From the results above one can observe that increasing liquid viscosity also increases sedimentation time and cake porosity. Again, this behavior is associated directly to stronger fluidparticle forces (especially the drag force) that decelerate the particles during the settling process. The Hamaker constant seems to have little effect on the sedimentation time. Nevertheless, by limiting the particles rearrangement once they reach the cake surface, this parameter tends to cause larger differences in cake porosity ( Figure  13 ). Both conclusions are qualitatively in good agreement with the results by Dong et al. (2003; 2009 ).
Simulation of the filtration processes
The code developed in this work was also used to simulate the static filtration process, operating at constant pressure drop and using the same set of physical conditions described in the sedimentation case (see Table 3 ). However, now the liquid flow is assumed to be one dimensional along the filtration direction (-z direction) and the liquid velocity relates to the filtrate flow rate according to u l = (0, 0, -q).
Instead of monodispersed particles, the size distribution given by equations (15) and (16) 
According to this probability distribution, the radii of the particles are chosen from the interval (R min , R max ) in such a way that the total mass of all particles from a certain size interval is the same for all sizes, thus, ensuring that neither large nor small particles dominate the system Zhu et al. (2005) .
The surface of the filtering medium was modeled as a layer of fixed solid particles, with the same mechanical properties of the suspended ones. Figure 14 presents the different time instants (0 s, 0.5 s, and 1 s) of the simulated filtration process operating at a constant pressure drop of 2 kPa. The initial filtrate flow rate, q 0 , was considered to be 1 mm/s. Solid particles with size distribution in the range of 150-250 µm were introduced gradually in the simulated region at a constant rate of 0.00125 particles/time step in an attempt to virtually reproduce the continuous operation mode.
According to these diagrams, a large number of particles has already settled on the surface of the filtering medium up to one second of process simulation, creating an apparently stable bed.
As the filtration process continues and the particles bed is growing, the filtrate flow decreases to keep the pressure drop constant in the filtration cell. Considering that the filtration system simulated in this paper consists of an isotropic and homogeneous porous medium that is percolated by a Newtonian fluid with uniform velocity field, Darcy's equation (Massarani, 2002) was used to describe the dynamic behavior of the filtrate flow (equation 17). The permeability of the cake was obtained by using the Kozeny-Carman equation (equation 18).
(17)
The simulation results for the temporal profiles of the cake thickness and porosity are shown in Figures 15 and 16, respectively. Figures 17 and 18 exhibit the correspondent profiles for the cake permeability and filtration rate, respectively, obtained from of equations (17) and (18).
Considering the simulation results presented in this section, it is possible to note that as the cake thickness increases, the cake porosity decreases sharply at the beginning of the filtration and reaches a stable value of approximately 40%. As a consequence, the same trend is observed for the cake permeability, which reaches a minimum value of 3.133x10 -15 m 2 . As expected, the filtration rate starts dropping around 0.2 s to keep the pressure drop in the system constant, and reaches a final value of 6.53 mm/s. 
Simulation of the cross-flow filtration processes
The last case study simulated in this work was the cross-flow or dynamic filtration process, operating at constant pressure drop and using the same set of physical conditions described in the static filtration case (see Table 3 ). The solid particles were also introduced gradually in the simulated region at a constant rate of 0.00125 particles per time step in an attempt to virtually reproduce the continuous operation mode.
The filter channel was constructed with two parallel plates (rigid boundaries), with the bottom one being permeable to the fluid. It has a height H, a length L, and a width W (see Figure 19 ).
The surface of the filtering medium was modeled as a layer of fixed solid particles, with the same mechanical properties of the suspended ones and a diameter of 500 µm.
According to Hwang and Wang (2001), in most cross-flow filtration systems the cross-flow velocity is far larger than the permeating flow, which allows its variation in the x direction to be reasonably ignored. Thus, in this study the velocity distribution was assumed to be uniform and equal to the filtrate flow rate, q(t), in the permeating direction (z), and parabolic in the cross-flow direction (x), according to equation (19).
where H is the height of the filter channel, <u fx > is the average cross-flow velocity, u fx is the velocity distribution in the cross-flow direction, and z is the vertical position. Based on a system comprising 1000 monodispersed spherical particles with 500 µm diameter, Figures 20 and 21 present the different time instants (0 s, 0.2 s, 0.8 s and 1 s) of the simulated filtration process operating at a constant pressure drop of 2 kPa. The initial filtrate flow rate, q 0 , was considered to be 1 mm/s and the average cross-flow velocity, <u fx >, was assumed to be 0.1 mm/s. According to these diagrams, despite the erosive effect created by the additional component of the drag force in the x direction, a large number of particles (continuously fed in the system) has already settled on the surface of the filtering medium up to one second of process simulation, creating an apparently stable bed.
As in the case of the static filtration process, during the course of the simulation the particles gradually settle on the surface of the porous medium beneath them and the cake starts to grow in thickness. Consequently, the filtrate flow rate, q(t), decreases to keep the pressure drop constant in the filtration cell. Again, Darcy's equation (equation 17) was used to describe the dynamic behavior of the filtrate flow rate through time, and the permeability of the cake was obtained by using the Kozeny-Carman equation (equation 18).
The simulation results for the temporal profiles of the cake thickness and porosity are shown in Figures 22 and 23, respectively. Figures 24 and 25 exhibit the correspondent profiles for the cake permeability and filtration rate, respectively, obtained from of equations (17) and (18). Analyzing the simulation results presented above, it is possible to note that as the cake thickness increases, the cake porosity tends to decrease sharply with time, presenting a more oscillatory behavior when compared to static filtration case ( Figure 16 ) and reaching a final value of approximately 43%. Again, the cake permeability predicted by the Kozeny-Carman model considerably decreases at the beginning of the simulation, after the first particles start to deposit stably over the porous medium, and, then, it reaches a minimum and a constant value of approximately 1.678 x 10 -13 m 2 .
In this case, only after a cake with reasonable thickness is formed, the filtration rate starts dropping around 0.8 s to keep the pressure drop in the system constant, reaching a final value of 5.45 mm/s. This behavior is qualitatively in good agreement with other results reported in literature, such as the work by Hwang and Wang (2001).
CONCLUSIONS
The modeling and simulation approach proposed in this work, based on the discrete element method, was successfully employed, since it was possible to describe and analyze the formation and growth of the cake in the sedimentation and filtration processes for a discrete system. From the microdynamic information, it was also possible to obtain properties such as thickness, porosity, and permeability of the cake over time, which showed a dynamical behavior qualitatively close to the results previously reported in the literature, such as the works by Dong et al. (2006) and Svarovsky (2000). In addition, the steady-state results for the cake porosity in sedimentation processes obtained in this work (13 fluids with different densities) were compared to the results reported by Dong et al. (2006) under similar simulation conditions and presented a satisfactory agreement, with deviations less than 10% for most of the fluids.
